We describe different types of ring-profile optical solitary wave and clusters of fundamental solitons propagating in isotropic nonlinear optical media. Such ringlike solitons carry a finite angular momentum and, depending on the value of the total momentum and structure, they either fragment quickly into several fundamental solitons that fly off the ring, or propagate stably for many diffraction lengths with rotating intensity and phase. Stabilization of the ring-profile optical beams and rotating soliton clusters due to vectorial interaction is also demonstrated.
Introduction
Recent progress in generating spatial optical solitons in nonlinear bulk media opens the possibility to study truly twodimensional self-trapping of light and interaction of multidimensional solitary waves [1] . Since the pioneering paper by Chiao et al [2] , optical self-trapped beams are usually associated with the structure of the fundamental guided modes (i.e. modes without nodes). However, it has also been known for many years that light self-trapping may also occur for higher-order beams of a radial symmetry (beams with surrounding rings) [3] . More recently, self-trapped azimuthally periodically modulated beams, 'necklace beams', were shown to exist exhibiting quasi-stable expansion even in a self-focusing Kerr medium [4] . All such self-trapped optical structures possess zero angular momentum, and thus they do not exhibit rotation during propagation, and they are either unstable or slowly expanding beams.
A novel class of optical self-trapped beams associated with the rotation of the field phase was introduced by Kruglov and Vlasov [5] . The intensity of such a beam vanishes at the beam centre, and, at the same time, the beam remains localized (i.e. its intensity decays at infinity) propagating in the form of a ringlike beam. The beam phase has a spiral structure with a singularity at the origin, representing a phase dislocation of the wavefront and resembling the structure of an optical vortex [6] . Therefore, such a beam can be associated with a spatial optical soliton of a higher order that carries a nonzero angular momentum, or vortex soliton. Subsequently, similar ringlike vortex solitons were re-discovered in other studies [7] [8] [9] and for other types of nonlinear optical medium, including quadratic nonlinear media [10, 11] . Furthermore, it was demonstrated in many numerical and analytical studies that such ring-profile vortex beams undergo an azimuthal symmetry-breaking instability, and they usually decay into 2|m| (for the Kerr-like medium [7, 8, 10] ) or 2|m| + 1 (for the quadratic media [10] [11] [12] ) fundamental optical solitons. The symmetry-breaking instability of the ring-profile vortex solitons has been observed experimentally in both Kerrlike [13] and quadratic [14] media. In all such cases, the generation of different numbers of fundamental solitons due to the ring instability was observed.
Stabilization of the ringlike vortex solitons is known to be possible only in some exceptional cases, e.g. in a special case of the competing quadratic and defocusing cubic nonlinear interaction [15] . Additionally, it was recently shown that quasi-stable propagation of optical ringlike structures carrying integer or fractional angular momentum is possible in the form of modulated necklace beams [16] or necklace-ring vector solitons [17] . Moreover, the vectorial beam interaction was also shown to support very interesting self-trapped rotating structures in the form of 'propeller solitons' [18] , that extend the conditions for the observation of stable spiralling beams.
The main purpose of this paper is twofold. First of all, we briefly overview the basic physics and properties of the ring-profile solitary waves carrying a finite angular momentum and discuss a link between this type of beam selftrapped state and other ringlike structures, such as 'necklace beams'. Additionally, we demonstrate how to stabilize the expanding necklace beams by creating the so-called soliton clusters [19] , the ringlike multi-soliton bound states with a staircase phase distribution and nonzero angular momentum. Secondly, we discuss the beam stabilization by incoherent coupling of several beam components, and demonstrate novel types of optical vector soliton with rotating intensity and phase.
Scalar vortex solitons and necklace-type beams
First, we overview the fundamental physics of the scalar ringlike optical structures self-trapped in a bulk Kerr-like nonlinear medium, including the ring-profile vortex solitons and modulated necklace-type beams. These results have already been demonstrated for several types of nonlinear optical medium, including the quadratic medium, but here we consider the simplest scalar case described by the well known generalized nonlinear Schrödinger (NLS) equation, that can be derived, using the paraxial approximation, for the light propagation in an isotropic nonlinear medium with a local nonlinear response. In the dimensionless form,the generalized NLS equation has the form
where E is the complex envelope of the electric field, ⊥ = ∇ 2 is the transverse Laplacian,
and z is the propagation distance measured in the units of the diffraction length L D . Function F(I ) describes the nonlinear properties of an optical medium, and it is assumed to depend on the total beam intensity, I ≡ |E| 2 . Examples of these Kerr-like materials include the two-level model of resonant gases, F = I , or pure Kerr nonlinearity; the so-called saturable nonlinearity, F = I (1 + s I ) −1 , or its low-intensity expansion, the cubic-quintic model, F = I −s I 2 , etc. Here the parameter s 1 defines the nonlinearity saturation.
Spatial optical solitons are stationary spatially localized solutions of the NLS equation (1) which do not change their intensity profile during propagation. Such a definition covers many different types of stationary beam with a finite power and, in general, the spatial solitons can be found in a generic form,
where the real functions U and φ are the soliton amplitude and phase, respectively, and k is the soliton propagation constant. Substituting (2) into (1), we arrive at the system of coupled equations for the soliton amplitude and phase, The first natural idea is to look for the solutions of the (generally speaking) nonintegrable system (3) with a constant phase, say φ = 0. In this case, it can be shown that the only type of structure localized in both transverse dimensions should possess a radial symmetry, i.e. U (x, y) = U (r ), where r = x 2 + y 2 . Solutions of this type include the fundamental (bell-shaped) soliton (see figure 1(a) , m = 0) and higher-order modes with several rings surrounding the central peak [3] . The main parameter characterizing the spatial soliton is its power
and in a saturable medium the soliton power grows with the saturation parameter s (see figure 1(b) ). A more general family of the soliton solutions, the so-called transversely moving solitons, can be obtained by applying the Galilean transformation, r → r − 2qz and φ → φ + q(r − qz), where v = 2q is the soliton transverse velocity. Such moving solitons can be characterized by the soliton linear momentum
which is defined for the fundamental solitons as L = q P. Vortex solitons were introduced as the first example of a spatial soliton with the field dependence on the azimuthal coordinate ϕ = tan −1 (y/x) [5] , also representing the first soliton solution with nonzero angular momentum. They can be found as the solutions with the radially symmetric amplitude U (r ), that vanishes at the centre, and a rotating spiral phase φ in the form of a linear function of the polar angle ϕ, i.e. φ = mϕ. The rotation velocity should be quantized by the condition of the field univocacy, and therefore m is integer (see figure 1(a) ). The index m stands for a phase twist around the intensity ring, and it is usually called the topological index or topological charge of the solitary wave. The important integral of motion associated with this type of solitary wave is the angular momentum,
which can be expressed through the soliton amplitude and phase, The vortex angular momentum is its intrinsic characteristic, and it is usually regarded as its spin angular momentum, in contrast to the orbital angular momentum of several interacting solitons (see figure 2 and discussion below). Therefore, the ratio of the soliton angular momentum to its power can be identified with the soliton spin, S = M/P, and for the vortex solitons the spin is simply equal to its nonzero topological charge S = m, while for the fundamental soliton it always vanishes, S = 0. The existence of the ring-profile solitary waves can be explained by simple physics. Indeed, it is well known that quasi-one-dimensional solitary waves, i.e. the (1 + 1)-dimensional solitary waves embedded into a (2 + 1)-dimensional bulk medium, undergo the transverse modulational instability [20] . One of the possible ways to suppress this instability is to consider a ring-profile structure created from a (1 + 1)-dimensional soliton stripe wrapped around its tail [21] . It can be shown that such a soliton ring with the phase depending on the radial coordinate can display a stabilization effect, and even an initially expanding beam can shrink and eventually collapse [9, 21] . The spiral beams with a rotating phase introduced in the paper [7] provide another example of nonstationary ring-profile solitary waves.
As already demonstrated by many researchers, the ringprofile vortex solitons experience the azimuthal instability and fragment into a number of moving fundamental solitons which fly off the ring [7, 8, 10] . Figure 2 presents an example of the decay scenario for two cases of the vortex solitons, when the initial stationary ring-profile structure decays, under the action of a numerical noise, into two (the case m = 1, see figure 2(a)) or four (the case m = 2, see figure 2(b)) fundamental solitons. Due to conservation of the total angular momentum the solitons fly off the ring along tangential trajectories [10] . In other words, the initial spin angular momentum of the vortex is transformed to the net orbital angular momentum of moving splitters [12, 22] . The generation of fundamental solitons due to the ring instability has been observed experimentally in both Kerr-like [13] and quadratic [14] nonlinear media.
Since the decay of the ring-profile vortex solitons is associated with the growing azimuthal modulation of their intensity and the symmetry-breaking instability, we may try to stabilize the ring structure by imposing the initial intensity and phase modulation [12] . In order to realize this idea and make a link to the vortex beams, we consider the initial condition of the form
which, on one hand, describes a vortex with the topological charge m at p = 1, and, on the other hand, includes the varying modulation parameter p (0 p < 1). The spin of this nonstationary structure is defined as
and it vanishes for p → 0. Figure 3 demonstrates the results of the propagation dynamics of such a beam with m = 6 in a medium with saturable nonlinearity (s = 0.5). When the ring structure is only slightly modulated (see figure 3(a) ), it decays into a complex structure of filaments because of a competition between different instability modes [10] . Note that the anticlockwise direction of the splitter rotation is determined, according to equations (5) and (6), by the gradient of phase, which grows anticlockwise for m > 0. The angular velocity vanishes as the ringlike structure expands. When the modulation becomes deeper, e.g. for p = 0.5, the initial vortex transforms into a necklace-like structure (see figure 3(b) ), and its dynamics are modified dramatically. The modulated ring-profile structure does not decay but, instead, it expands with small rotation; the rotation is much weaker because the initial angular momentum (spin) is much smaller than that in the case shown in figure 3(a) . Similar ringlike structures were recently discussed in [16] as the first example of optical beams with fractional spin (see equation (8)) and rotating intensity.
Finally, for p = 0, when the initial angular momentum is zero, the necklace-type beam expands with no rotation. This type of self-trapped azimuthally periodically modulated beam, the necklace beams, have been studied in detail for the selffocusing Kerr medium [4] , where they exhibit quasi-stable expansion. However, these necklace beams [4, 16] do not exist as stable stationary structures of a constant radius, because the neighbouring interacting 'pearls' of the necklace beam repel each other.
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Ring-profile clusters of scalar solitons
Since, on the one hand, the vortex solitary waves are modulationally unstable and fragment rapidly into moving fundamental solitons and, on the other hand, the necklace beams consisting of N separate beamlets always expand, we wonder how to create non-expanding configurations of N solitons in a bulk medium.
We propose here the general approach for analysing possible stationary configurations of N coherently interacting solitons, recently developed in [19] for the ringlike geometry. The main idea of this approach is based on the robust or particle-like nature of spatial solitons that they display in interactions. This allows us to treat spatial solitons as 'atoms of light' and construct the more complex objects, in analogy with atom clusters, from a certain number of simple solitons-'atoms'. The bonds between 'atoms' within the cluster will be determined by soliton interaction. It is well known [1] that in the simplest case of two coherent spatial solitons such an interaction depends crucially on the relative soliton phase, say θ , so that two solitons attract each other for θ = 0, and repel each other for θ = π. For the intermediate values of the soliton phase, 0 < θ < π, the solitons undergo an energy exchange and inelastic interaction.
The first important step in our approach is to find the condition to avoid inelastic interactions between solitons within the cluster. In terms of the field theory, the energy exchange between solitons is described by the local current j = Im (E * ∇ E); here E = G n is the slowly varying field envelope of the coherent superposition of N solitons G n (x, y, z), n = 1, 2, . . . , N. The integral characteristic describing the total energy flow is the linear momentum (5), L = j dr, therefore the condition L = 0 is necessary for the effectively elastic soliton interaction in the cluster. In the context of an 'atom cluster' this condition corresponds to removing the motion of the cluster's centre of the mass.
To describe the soliton clusters analytically and calculate the integrals of motion introduced in section 2, one may use a suitable ansatz for a single beam G n . For identical weakly overlapping solitons launched in parallel, we can employ a Gaussian ansatz,
where r n = (x n ; y n ) describes the soliton location, and α n is the phase of the nth beam. Following [19] , we assume that the beams are arranged in a ring-shaped array: r n = {R cos ϕ n ; R sin ϕ n } with ϕ n = 2πn/N, then the integrals of motion take the form
e Y nk |r n r k | sin θ nk (10) where
First of all, applying the constraint of vanishing energy flow L = 0 to equation (10), we find the conditions for the soliton phases, α i+n − α i = α k+n − α k , which are satisfied provided the phase α n has a linear dependence on n, i.e. α n = θ n, where θ is the relative phase between two neighbouring solitons in the ring. Then, we employ the periodicity condition in the form α n+N = α n + 2πm, and find
As a result, equation (11) . Therefore, it is useful to introduce the main value of θ in the domain 0 θ π, keeping in mind that all allowed soliton states with the phase jump taken from the domain 0 < θ < π are degenerate with respect to the sign of the angular momentum. The absolute value of the angular momentum vanishes at both ends of this domain, when m = 0, for any N, and when m = N/2, for even N. The number m determines the full phase twist around the ring, and it plays the role of a topological charge of the corresponding phase dislocation.
The next important step in our analysis is to determine the character of soliton interaction within the cluster, depending on cluster structure and nonlinearity F(I ). In order to demonstrate the basic properties of the ringlike soliton clusters for a particular example, we select the saturable nonlinear Kerr medium with F(I ) = I (1 + s I ) −1 . First, we apply the variational technique and find the parameters of a single soliton described by the ansatz (9). For s = 0.5, we obtain A = 3.604 and a = 1.623. Then, substituting (9) into the system Hamiltonian, we calculate the effective interaction potential U (R) as follows:
where H is the system Hamiltonian,
As a result, for any N we find three distinct types of the interaction potential (12) , shown in figure 4 for the particular case N = 5. Importantly, only one type of those potentials S61 has a local minimum at finite R, which indicates the cluster stabilization against collapse or expansion.
The main reason for the existence of a ringlike multisoliton bound state can be explained with the help of a 'mechanical' model. It is easy to understand that such a ringlike configuration will be radially unstable due to an effective tension induced by bending of the soliton array. Thus, a ring of N solitons will collapse, if the mutual interaction between the neighbouring solitons is attractive, or expand otherwise, resembling the expansion of the necklace beams. Nevertheless, a simple physical mechanism will provide stabilization of the ringlike configuration of N solitons, if we introduce an additional phase on the scalar field that twists by 2πm along the soliton ring. This phase introduces an effective centrifugal force that can balance out the tension effect and stabilize the ringlike soliton cluster. Due to a net angular momentum induced by such a phase distribution, the soliton clusters will rotate with an angular velocity which depends on the number of solitons and phase charge m.
To verify the predictions of our effective-particle approach, we perform a series of numerical simulations for different N-soliton rings and their propagation in a saturable medium using the fast-Fourier-transform split-step numerical algorithm and monitoring the conservation of the integrals of motion. Alongside non-stationary behaviour, such as breathing and radiation emission, we found an excellent agreement with our analysis. According to figure 4, the effective potential is always attractive for m = 0, and thus the ring of N = 5 in-phase solitons should exhibit oscillations and, possibly, fusion. Exactly this behaviour is observed in figure 5(a) . Although the ring oscillations are well described by the effective potential U (R), the ring dynamics are more complicated. Another scenario of the mutual soliton interaction corresponds to the repulsive potential (shown, e.g., in figure 4 for the case m = 2 and θ = 4π/5). In the numerical simulations corresponding to this case, the ringlike soliton array expands with slowing down rotation, as is shown in figure 5(d) .
Evolution of the stationary soliton bound state that corresponds to a minimum of the effective potential U (R) in figure 4 (for m = 1) is shown in figure 5(b) . Here the angular momentum is nonzero, and it produces a repulsive centrifugal force that balances out an effective attraction of the solitons. To draw an analogy between the soliton cluster and a rigid body, we calculate the cluster's moment of inertia, I, and its angular velocity, :
For the case shown in figure 5(b) , the numerically obtained value of the angular velocity is num π/20 = 0.157, while the formula (13) gives a very similar value, = 0.154. We have also performed the numerical simulations of the 'excited' clusters, as is shown in figure 5(c) , and observed oscillations near the equilibrium state. Such a vibrational state of the 'N-soliton molecule' demonstrates the radial stability of the bound state in agreement with the effective-particle approximation.
Our analysis is valid for any N, and it allows us to classify all possible scenarios of the soliton interaction in terms of the phase jump θ between the neighbouring solitons in the ring. Indeed, for θ = 0, the ring of N solitons collapses through several oscillations. If the main value of θ belongs to the segment 0 < θ π/2, the interaction between the solitons is attractive, the value of the induced angular momentum is finite, and a rotating bound state of N solitons is possible. However, if θ belongs to the segment π/2 < θ π, the soliton interaction is repulsive and the soliton ring expands with or without (at θ = π) rotation, similar to the necklacetype beams [4] . For example, in the case N = 3 there are two possible states, θ = 0 and θ = 2π/3 > π/2, and there exist no stationary bound states.
For N = 4 and m = 1, the value of θ is π/2, and the stabilization of interacting solitons in the form of a ringlike cluster is indeed possible, as is shown in figure 6 . In numerical simulations, such clusters are found to be long-lived objects that propagate rotating for many diffraction lengths. However, similar to the scenario of the vortex break-up (see section 2), the soliton clusters are azimuthally unstable and they decay, after relatively long propagation, into several fundamental solitons that fly away in the direction which is equivalent to the anticlockwise rotation of the vortex splitters (see figure 6 at z = 75 and also figure 2) . Nevertheless, the rotation of different clusters observed in numerical simulations (shown, e.g., in figure 5 ) is always clockwise for positive m in equation (11), i.e. the clusters rotate in the direction which is opposite to their phase gradient, in sharp contrast to the necklace-type beams shown in figure 3 [16] .
Together with the intensity of the four-soliton cluster, in figure 6 we show the phase distribution for the distances up to 75 diffraction lengths. The initial staircase-like phase in the ring preserves its shape up to z = 50, and it is a nonlinear function of the polar angle ϕ, similar to the phase of the necklace-ring vector solitons with a fractional spin [17] . Note that the phase of such a state can be described as a zerothorder term in the expansion of the vortex phase near the nth soliton centre r n :
Calculations of the potential minimum corresponding to the soliton cluster for different m and N, performed in [19] , show that with increasing number of solitons N the stationary soliton cluster approaches an optical vortex soliton of the charge m. Furthermore, for given m > 1, the soliton bound states are possible only if θ = 2πm/N π/2, which defines the condition for existence of a multi-charged cluster N 4m. Therefore, the ringlike soliton cluster can be considered as a nontrivial 'discrete' generalization of the optical vortex soliton [23] . Clusters are generally metastable, and they experience the symmetry-breaking instability. However, they can propagate for many tenths of the diffraction length, being also asymptotically stable in some types of nonlinear medium similar to the vortex solitons [15] .
Effect of the vectorial interaction
The repulsion and subsequent diffraction of the neighbouring petals of the self-trapped necklace-type beams (7) is the main physical mechanism of their disintegration. Below, we show that the incoherent interaction between the components of a composite (or vector) ringlike beam allows us to compensate for repulsion of beamlets, creating a new type of quasistationary self-trapped structure exhibiting the properties of the necklace-ring beams and ring vortex solitons. The physical mechanism for creating such composite vector ringlike solitons is somewhat similar to the mechanism responsible for the formation of the so-called solitonic gluons [24] and multihump vector solitary waves [25] , and it is explained by a balance of the interaction forces acting between the coherent and incoherent components of a composite soliton.
The concept of the vector necklace-ring solitons was first introduced for N mutually incoherent optical beams propagating in a self-focusing nonlinear medium [17] . Equations for the slowly varying beam envelopes E n (x, y, z) can be written in the form of a system of normalized coupled NLS equations (n = 1, 2, . . . , N ),
where all the notation is the same as for the one-component case discussed in section 2.
Following the approach developed in [17] , we discuss here, as the simplest example, the incoherent superposition of two (N = 2) necklace-type beams (7), and look for the solutions of the system (15) in the form
with real p ∈ [0; 1]. The total intensity of such a ringlike structure is a function of the radial coordinate only, I = u 2 (r ), and the components of the ring vector soliton E n complement each other creating a perfect ring structure, however possessing no radial symmetry by themselves. Equation (16) defines exact solutions of the system (15) for any p and, in the particular case p = 1, they describe a vector vortex with the charge m 1 = m in the first component and the charge m 2 = ±m in the second one.
It is well known that, for the vector system (15), the partial powers P n (4) of the soliton components E n are the integrals of motion, for example P 1,2 = 1 2 P (m) for equation (16) . Here
r )r dr is the power of a scalar vortex with the topological charge m, which is equal to the total power of vector soliton (16) : P tot ≡ P n = P (m) . The initial spins in each component are equivalent to those of the structure (8) , and they are given by the expressions
In contrast to the scalar structure (7), the partial angular momenta (spins of each component, S n = M n /P n ) are not conserved quantities. On the basis of the Noether theorem (see, e.g., [22] ), it is possible to show that the corresponding integral of motion for the vector soliton is its total spin S = M tot /P tot . Thus, a vector soliton can exhibit an exchange of the angular momentum between its components, keeping the total momentum M tot ≡ M n unchanged. For the solution (16), the total spin S of the vector soliton can be either fractional (in particular, it is integer for vector vortices, S = m, when p = 1) or zero. Note that in a general case the total spin cannot be expressed as a sum of partial spins, i.e. S = S 1 + S 2 .
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We start from the solution (16) with m = 1 which, for p = 0, represents an incoherent superposition of two dipole modes. Such a localized solution displays a long-term stable dynamics up to the propagation distances of almost 55 diffraction lengths, then it exhibits a symmetry-breaking instability and decays into three isolated vector solitons that fly off the ring along the tangential trajectories (see figure 7) .
Necklace-type self-trapped localized structures consisting of a large number of 'petals' exhibit strong effective stabilization even for the nonlinear Kerr medium [4, 16] . We observe similar features for the vector necklace-ring solitary waves in figure 8 , where we present the dynamics of the vector solitons (equation (16)) for m = 6 and p = 0.
Another important concept associated with stabilization of the vector solitons is based on the so-called solitoninduced waveguide [26] . The fundamental spatial soliton, inducing a radially symmetrical waveguide, has been shown to trap and guide another light beam, creating a multipole vector soliton. The ansatz (7) has been used in [26] as a variational approximation to the guided modes (E 2 -component in equation (15)) of the induced waveguide, created by the fundamental soliton in the E 1 component. Experimental results on the generation of this type of quadrupole vector soliton, corresponding to the ansatz (7) in the w-component for m = 2 and p = 0, were presented in [26] . In this case, the mutual repulsion of four out-of-phase beamlets in the w-component is balanced by the incoherent attraction of the mutually coupled component. Now, we have all necessary results to make the final important step. Indeed, in section 3 we have demonstrated that the radial expansion of the ringlike clusters of N fundamental solitons can be eliminated by arranging the solitons in a proper order, with the staircase phase distribution. In this section, we have discussed the stabilizing effect of the vectorial beam interaction on the dynamics of the necklace-type beams, that is due to the effect of an induced waveguiding that allows us to keep the expanding solitons together. Combining these two ideas, we may suggest an interesting concept of the socalled vector soliton clusters. Indeed, let us take a scalar cluster shown in figure 6 and combine it with the other beam that interacts incoherently with the primary beam supporting the cluster structure. As is clearly seen from figure 9, such a vector soliton demonstrates surprising long-lived rotational dynamics.
Moreover, it turns out that the vectorial interaction can allow us to trap not only a large number of solitons with N 4, but also three and even two solitons. In the latter case, this structure is, as a matter of fact, the so-called propeller soliton [18] , a rotating dipole-mode vector soliton [27] where two out-of-phase solitons are trapped by the other beam interacting with them incoherently. Therefore, the rotating structure presented in figure 9 is somewhat similar to the foursoliton propeller, in analogy with [18] .
Conclusion
We have presented a comprehensive overview of the recent theoretical results on the physics of the ring-profile optical solitary waves and soliton clusters carrying a finite angular momentum. Depending on the value of the total angular momentum and the cluster structure, such solitary waves either fragment quickly into several fundamental solitons that fly off the ring, or propagate stably for many diffraction lengths with rotating intensity and phase. We have demonstrated a link between different types of ring-profile self-trapped state, such as vortex solitons, necklace beams and ringlike soliton clusters. We have also discussed the beam stabilization by incoherent coupling of several beam components, and have demonstrated the existence of novel types of ring-profile vector soliton with rotating intensity and phase. Many of these structures belong to the class of self-trapped optical beams and, therefore, they are possible only in a self-focusing optical medium. Such structures provide a nontrivial generalization to the optical vortices and phase-front dislocations, associated with the field angular momentum and spiralling optical beams.
